Abstract. Let t α,β ⊂ S 2 × S 1 be an ordinary fiber of a Seifert fibering of S 2 × S 1 with two exceptional fibers of order α. We show that any Seifert manifold with Euler number zero is a branched covering of S 2 × S 1 with branching t α,β if α ≥ 3. We compute the Seifert invariants of the Abelian covers of S 2 × S 1 branched along a t α,β . We also show that t 2,1 , a non-trivial torus knot in S 2 × S 1 , is not universal.
Introduction.
The study of branched coverings of Seifert manifolds branched along fibers is an interesting project ( [4] ). These kind of coverings are also Seifert manifolds. In particular the problem of determining which Seifert manifolds are branched coverings with branching along a torus knot is interesting, where a torus knot in M is an ordinary fiber of a Seifert fibering of M.
Recall that in a branched covering of Seifert manifolds, the Euler number of the covering is a non-zero rational multiple of the Euler number of the target. Therefore in a branched covering M → N between Seifert manifolds, if the Euler number e(N) = 0, then e(M) = 0. In [3] , a converse of this implication is proven for torus knots in the 3-sphere: If M is an orientable Seifert manifold with orientable basis and Euler number e(M) = 0, and τ p,q ⊂ S 3 is a torus knot with 2 ≤ q < p, then there is a branched covering ϕ : M → (S 3 , τ p,q ).
What about if e(M) = 0? In this paper we answer this question: If M is an orientable Seifert manifold with orientable basis and Euler number e(M) = 0, and t α,β ⊂ S 2 ×S 1 is a torus knot (see Section 2.2.3), with 3 ≤ β ≤ α/2, then there is a branched covering ϕ : M → (S 2 × S 1 , t α,β ).
Resuming, all orientable Seifert manifolds with orientable basis can be constructed as branched coverings branched along torus knots in S 3 or in S 2 × S 1 .
In contrast with the result in [3] , that all non-trivial torus knots in S 3 are universal in the sense above, we show that t 2,1 ⊂ S 2 × S 1 is a non-trivial torus knot which is not universal (Theorem 4.7). This paper is organized as follows.
In Section 2 we give some definitions and list some useful results.
In Section 3 we give a list of the Abelian coverings of (S 2 × S 1 , t α,β ). It follows that if ϕ : M → (S 2 × S 1 , t α,β ) is an Abelian branched covering and H 1 (M) ∼ = Z, then M ∼ = S 2 × S 1 , and ϕ is an unbranched cyclic covering space. Compare with the analogous result: If M is an n-fold cyclic branched covering of (S 3 , τ p,q ), then H 1 (M) = 0 if and only if (n, pq) = 1.
In Section 4 we prove the main theorem of the paper (Corollary 4.6).
Preliminaries.
Let S n be the symmetric group in n symbols. If G ≤ S n , and i ∈ {1, . . . , n}, write St G (i) = {σ ∈ G : σ(i) = i}; also write St(i) = St G (i) when G = S n . We write (1) ∈ S n for the identity permutation.
A branched covering between two n-manifolds M and N is an open, proper map ϕ : M → N which is finite-to-one. To check that an open map ϕ : M → N is a branched covering, one finds a subcomplex K ⊂ M of codimension two such that the restriction ϕ| : M −ϕ −1 (K) → N − K is a finite covering space. The subcomplex K, usually a submanifold, is called the branching of ϕ. The covering space ϕ| : M − ϕ −1 (K) → N − K is called the associated covering space of ϕ. The associated covering determines the branched covering (see [1] ).
A covering space of n sheets ψ : X → Y defines a representation ω ψ : π 1 (Y ) → S n as follows: Number the elements of the preimage of a base point ψ −1 ( * ) = {1, 2, . . . , n}, and for a class [α] ∈ π 1 (Y ), consider the liftings of α, α 1 , α 2 , . . . , α n : I → X where α i starts in the point i ∈ ψ −1 ( * ); then define ω ψ ([α])(i) = α i (1), for i = 1, 2, . . . , n.
A homomorphism ω : π 1 (Y ) → S n determines a covering space of n sheets ψ ω : X → Y , namely, the covering space corresponding to the subgroup ω −1 (St(1)) ≤ π 1 (Y ); this covering space can be completed into a branched covering ψ ω :X →Ȳ ( [1] ). A representation of ψ, as ω ψ above, is conjugate to the homomorphism ω (it only depends on the numbering of ψ −1 ( * )).
We will describe a branched covering of a manifold M by giving a codimension two submanifold K ⊂ M together with a representation ω : π 1 (M − K) → S n . For short, we write N → (M, K) for a branched covering of M branched along K.
2.1. Seifert manifolds. Let α 1 , β 1 , α 2 , β 2 , . . . , α t , β t be integers such that α i > 0 and (α i , β i ) = 1 for i = 1, 2, . . . , t. The Seifert manifold M associated to the Seifert symbol (Oo, g; β 1 /α 1 , β 2 /α 2 , . . . , β t /α t ) is assembled as follows:
Let F be an oriented closed surface of genus g, and let
. . , V t be solid tori with meridians µ 1 , µ 2 , . . . , µ t , respectively, and let η i : ∂V i → q i × S 1 be a homeomorphism such that η i (µ i ) = m i for i = 1, 2, . . . , t. Then the Seifert manifold M associated to the symbol (Oo, g; β 1 /α 1 , . . . , β t /α t ) is
The circles {x} × S 1 for x ∈ F 0 are called the ordinary fibers of M and the core e i of V i is called an exceptional fiber of order α i if α i > 1; otherwise e i is also an ordinary fiber. In any case e i is called the fiber of the ratio β i /α i (i = 1, 2, . . . , t). The surface F is called the orbit surface or the base of M. Note that collapsing each fiber of M into a point gives an identification p : M → F .
The manifold M associated to (Oo, g; β 1 /α 1 , . . . , β t /α t ) can be recovered unambiguously from M 0 = F 0 × S 1 and the curves m i = q
) a frame for (Oo, g; β 1 /α 1 , . . . , β t /α t ).
Let V be a solid torus. Any covering space of ∂V extends into a branched covering of V branched at most along the core of V . Therefore to describe a branched covering of (Oo, g; β 1 /α 1 , . . . , β t /α t ) branched along fibers, it suffices to construct a covering space of a frame for (Oo, g; β 1 /α 1 , . . . , β t /α t , 0/1, . . . , 0/1). 
Replace the pair
is called the Euler number of M. 2.2. Basic Lemmas.
Factorization of coverings of Seifert manifolds.
We show that any covering space of Seifert manifolds is a product of simpler coverings.
Lemma 2.3. Assume that G ≤ S n is a transitive group and K ⊳ G.
Assume that K has m orbits. Then there exist homomorphisms q : (1)), and q(K) = 1, and γ(K) is transitive.
Proof. This follows by noting that the orbits of K are a set of imprimitivity blocks for G. 
is connected forh any ordinary fiber of N.
Proof. Recall that the subgroup h ⊳π 1 (M). Then ω( h ) ⊳Image(ω)
where ω : π 1 (M − B ϕ ) → S n is the representation associated to ϕ, and B ϕ is the branching of ϕ. Lemma 2.3 applies.
Remark 2.5. In the statement of Corollary 2.4, if ω q , and ω γ are the representations corresponding to ϕ q , and ϕ γ , respectively, the conclusions of Corollary 2.4 are that ω q (h) = (1), and ω γ (h) is a cycle of order n/m forh an ordinary fiber of N.
Coverings of Seifert manifolds. Let (F ×S
) be a frame for the Seifert symbol (Oo, g; β 1 /α 1 , . . . , β t /α t ), and let ω : π 1 (F × S 1 ) → S n be a representation, and let ϕ :M → F × S 1 be the covering space associated to ω. If {m j } is a set of components of ϕ −1 (∪m i ), one for each component of ϕ
) is a frame for some Seifert symbol (Oo,g;
In this section we compute the numbersg, u, A 1 , B 1 , . . . , A u , B u for some 'generic' representations ω : π 1 (F × S 1 ) → S n (see Remark 2.5). Proofs of these result can be found in [3] .
Write ε ∈ S n for the n-cycle ε = (1, 2, . . . , n).
) be a frame for (Oo, g; β 1 /α 1 , . . . , β t /α t ). Let ω : π 1 (F × S 1 ) → S n be a representation such that ω(h) = ε s with (n, s) = 1, and ω(q i ) = ε r i for i = 1, . . . , t with r i = 0. Let s * be any integer such that s * s ≡ 1 (mod n).
) is a frame for (Oo, g; B 1 /A 1 , . . . , B t /A t ), where
Corollary 2.7. If r i = 0, and (n, s) = 1, and s * is any integer such that s
is an n-fold branched covering of (Oo, g; β 1 /α 1 , . . . , β t /α t ), where
) be a frame for (Oo, g; β 1 /1, . . . , β u /1, β u+1 /α u+1 , . . . , β u+t /α u+t ) with α j > 1 for j = u + 1, . . . , u + t. Let ω : π 1 (F × S 1 ) → S n be a transitive representation such that ω(h) = (1), and ω(q i ) = ε s i with (n, s i ) = 1 for i = 1, . . . , u, and ω(q j ) is a product of n j disjoint cycles of order d j and has k j fixed points for j = u + 1, . . . , u + t.
1 is the covering associated to ω and {m j } j is a set of components of 
where α i > 1, and α
Remark 2.10. In [3] , the statements of Lemma 2.6 and Lemma 2.8 assume that the generators of the fundamental group of the orbit surface are sent to the identity by the representation. Although we only need that kind of covers in this paper, the hypothesis on the generators of the surface is not needed for the conclusions of the lemmas. 3. Abelian coverings of S 2 × S 1 .
Let t α,β be an ordinary fiber of (Oo, 0; β/α, −β/α). We compute the Seifert invariants of the Abelian coverings of S 2 × S 1 branched along t α,β .
Then we have the presentation
be a frame for (Oo, 0; 0/1, β/α, −β/α). Then an Abelian representation ω : π 1 (F × S 1 ) → S n gives a branched covering of (S 2 ×S 1 , t α,β ) if and only if ω(q
the image of ω is cyclic or the sum of two cyclic groups. In Section 3.2 we describe these image groups.
The coverings. Let (F
be a frame for (Oo, 0; 0/1, β/α, −β/α). Let ω : π 1 (F ×S 1 ) → S n be a transitive representation with Abelian image and ω(q
, and let ϕ :M → (S 2 × S 1 , t α,β ) be the associated branched covering. As in Remark 2.5, ϕ = ϕ 2 • ϕ 1 with ϕ 1 :M → N and ϕ 2 : N → S 2 × S 1 branched coverings with corresponding representations ω 1 and ω 2 , and ω 1 (h) one cycle and ω 2 (h) = (1).
We assume that ω(h) = (1) or that ω(h) is a cycle of order n.
Write ω(q 1 ) = σ 1 , and ω(q 2 ) = σ 2 . , −β/α ′ ), and
First case: ω(h) = (1). Since ω(q
j=1 Z α . Case 1.2 : a 2 = 1; that is, σ 2 = (1). Then σ 1 is an a 1 -cycle, and n = a 1 , and ω(q 0 ) = σ −1
and
j=1 Z α . Case 1.3 : a 1 , a 2 > 1. The pair σ 1 , σ 2 has a 4-tuple (a 1 , a 2 , δ, i 0 ), as in Section 3.2, with δ|(a 1 , a 2 ), and 0 ≤ i 0 < δ, and (i 0 , δ) = 1. Then n = a 1 a 2 /δ, and
• σ 1 is a product of a 2 /δ cycles of order a 1 .
• σ 2 is a product of a 1 /δ cycles of order a 2 .
• Write µ = (a 1 , a 2 /δ + a 1 i 0 /δ). Then the product σ 1 σ 2 is a product of a 1 a 2 /(µδ) cycles of order µ. 
where 
Therefore a 2 ≤ δ + 1. Since δ|a 2 and δ ≤ a 2 , it follows that either a 2 = δ, or δ = 1 and a 2 = 2.
Since the pair σ 2 , σ 1 in reverse order has a 4-tuple (a 2 , a 1 , δ, j 0 ), as in Section 3.2, with δ|(a 1 , a 2 ), and 0 ≤ j 0 < δ, and (j 0 , δ) = 1, we see that µ = (a 2 , a 1 /δ + a 2 j 0 /δ), and it follows, as above, that either a 1 = δ, or δ = 1 and a 1 = 2.
Then, either
• δ = a 1 = a 2 , and ϕ is an unbranched a 1 -fold cyclic covering of S 2 × S 1 , or • δ = 1 and a 1 = a 2 = 2. In this case, up to conjugation, σ 1 = (1, 2)(3, 4), and σ 2 = (1, 3)(2, 4), and, if
and ω(q 2 ) = ε r 2 . Since ω(q α 1 h β ) = ε αr 1 +β = (1), and ω(q
, it follows that r 1 α + β ≡ 0 mod n and r 2 α − β ≡ 0 mod n. Since (α, β) = 1, this two equations have solution if and only if (n, α) = 1. Let α * be an integer such that α * α ≡ 1 mod n, and write r 1 = −α * β and r 2 = α * β; then r 1 + r 2 = 0, and r 1 , r 2 are solutions of the system, if (n, α) = 1. Say r 1 α + β = kn; then r 2 α − β = −kn.
by Lemma 2.6,M = (Oo, 0; B 1 /A 1 , B 2 /A 2 ). Notice that d 1 = (n, β + r 1 α) = (n, kn) = n. Then A 1 = α, and B 1 = k. Similarly A 2 = α, and
Theorem 3.2. Let α, β be coprime integers with 0 ≤ β ≤ α/2, and let ω : π 1 (S 2 × S 1 − t α,β ) → S n be a transitive representation with Abelian image. Let ϕ :M → (S 2 × S 1 , t α,β ) be the branched covering associated with ω. Let h be an ordinary fiber of S 2 × S 1 − t α,β , and write the order o(ω(q i )) = a i where we write a i = 1 if ω(q i ) = (1). Also write α i = α/a i , i = 1, 2.
(1) If ω(h) = (1), then then n = a 1 a 2 /δ for some divisor δ| (a 1 , a 2 ) , andM
and µ = (a 1 , a 2 /δ + a 1 i 0 /δ) for some i 0 such that (i 0 , δ) = 1, and 0 ≤ i 0 < δ. Also
If (1, 2, . . . , n) , then (n, α) = 1, and ϕ is an unbranched covering space, and
where k = (−βα * α + β)/n, and α * α ≡ 1 (mod n).
and ϕ is an unbranched cyclic covering space.
3.2.
Abelian permutation groups generated by two elements. Let σ 1 , σ 2 ∈ S n be a pair of permutations such that the group G = σ 1 , σ 2 is Abelian and transitive.
We associate a 4-tuple of integers (a 1 , a 2 , δ, i 0 ) to the pair σ 1 , σ 2 .
Assume that the order o(σ i ) = a i where we write a i = 1, if σ i = (1) (i = 1, 2). Then n = o(G) = a 1 a 2 /δ for some divisor δ|(a 1 , a 2 ).
Let T be a torus with a CW structure with one vertex v, two 1-cells, γ 1 , γ 2 and one 2-cell d. Since σ 1 and σ 2 commute, the assignment ω : π 1 (T ) → S n such that ω(γ i ) = σ i defines a representation. Let ϕ : T → T be the covering space associated to ω. ThenT admits a CW structure with cells the liftings of the cells of T .
The 1-skeleton of this CW structure ofT gives a portrait of σ 1 and σ 2 : Draw a grid of a 2 /δ horizontal, parallel lines with a 1 + 1 equally spaced vertices each, so that, after identifying the ends of a line, we obtain a circle with a 1 vertices, and complete the grid with a 1 vertical lines with a 2 /δ + 1 vertices. Now the top and the bottom of the grid are identified in such a way that the vertical lines become a 1 /δ circles with a 2 vertices each: that is, δ equally spaced vertical lines become a circle.
Then for some number i 0 such that (δ, i 0 ) = 1, and 0 ≤ i 0 < δ, after identifying the sides of the grid with the identity, the top of the grid is identified with the bottom with a twist that identifies the top of the first vertical line with the bottom of the (i 0 δ)-th vertical line.
The pair σ 1 , σ 2 can be recovered from the 4-tuple (a 1 , a 2 , δ, i 0 ) , up to conjugation. Notice that if we reverse the order of σ 1 , σ 2 , the pair σ 2 , σ 1 has a 4-tuple of the form (a 1 , a 2 , δ, j 0 ) with (δ, j 0 ) = 1, and 0 ≤ j 0 < δ (usually i 0 = j 0 ).
The product σ 1 σ 2 is drawn onT as the union of the liftings of the diagonal of the 2-cell d of T which is homotopic to γ 1 γ 2 . Therefore the order
.
Universals.
Write |X| for the number of components of the space X. In this section we fix integers α, β such that (α, β) = 1, 0 ≤ β ≤ α/2. We write t α,β ⊂ S 2 × S 1 for the torus knot which is an ordinary fiber of (Oo, 0; β/α, −β/α).
Proof. Let (F ×S 1 , {m 0 , m 1 , m 2 }) be a frame for (Oo, 0; 0/1, β/α, −β/α), and let ω : F × S 1 → S 2α be the representation such that
, and ω(q 0 q 1 q 2 ) = (1). By Lemma 2.8, the completion of the covering associated with ω is ϕ : (Oo, 0;
and is branched along the 0/1-fiber, that is, is branched along t α,β . Since ω(q 0 ) has 2α−4 fixed points and two 2-cycles, therefore |ϕ −1 (t α,β )| = 2α − 2. Assume that the theorem is true for t ≥ 2, that is, if the sum of the ratios t i=1 β i /α i = 0, then the manifold (Oo, g; β 1 /α 1 , . . . , β t /α t ) is a branched covering of (S 2 × S 1 , t α,β ) with a branched covering ϕ such that ϕ −1 (t α,β ) contains the fibers of the ratios of the manifold (Oo, g; β 1 /α 1 , . . . , β t /α t ), plus some extra 0/1 fibers. Assume now that b 1 /a 1 , . . . , b t /a t ) is isomorphic to (Oo, g; (ua 1 + b 1 )/a 1 , b 2 /a 2 , . . . , b t /a t ), by induction, the manifold (Oo, g; u/1, b 1 /a 1 , . . . , b t /a t ) is a branched covering of (S 2 × S 1 , t α,β ) with a branched covering ψ such that ψ −1 (t α,β ) contains the fibers of the ratios of (Oo, g; u/1, b 1 /a 1 , . . . , b t /a t ) plus some extra 0/1 fibers. We conclude that (Oo, g; u/v, β 1 /α 1 , . . . , β t /α t ) is also a branched covering of (S 2 × S 1 , t α,β ) as required. Proof. Let ϕ : M → (S 2 × S 1 , t 2,1 ) be an n-fold branched covering, and write F = S 2 × {1}. Then F is a non-separating 2-sphere generating H 2 (S 2 × S 1 ), and |F ∩ t 2,1 | = 2; thus ϕ −1 (F ) is a disjoint union of 2-spheres. Now an orientation on F induces an orientation on ϕ −1 (F ) through ϕ, and with this orientation, ϕ −1 (F ) defines a class in H 2 (M). since ϕ| : ϕ −1 (F ) → F is an n-fold branched covering, then ϕ * [ϕ −1 (F )] = n[F ] = 0. In particular [ϕ −1 (F )] ∈ H 2 (M) − {0}, and, therefore, some component of ϕ −1 (F ) is non-separating. Then M is an orientable Seifert manifold with a non-separating 2-sphere. We conclude that M ∼ = S 2 × S 1 .
